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ABSTRACT. The geometric-arithmetic index is a topological index was defined as
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+

u v

d, . The goal of this paper is to further

uveE(G) YV

of GA index as GA(G)= ¥ 208 \where D

e=uveE(G) 8u + 8

v

the study of the GAs index.
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1. INTRODUCTION

Mathematical chemistry is a branch of theoretical chemistry for discussion and
prediction of the molecular structure using mathematical methods without
necessarily referring to quantum mechanics. Chemical graph theory is a branch of
mathematical chemistry which applies graph theory to mathematical modeling of
chemical phenomena. This theory has an important effect on the development of the
chemical sciences.

A molecular graph is a simple graph such that its vertices correspond to the atoms
and the edges to the bonds. Note that hydrogen atoms are often omitted. By IUPAC
terminology, a topological index is a numerical value associated with chemical
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constitution purporting for correlation of chemical structure with various physical
properties, chemical reactivity or biological activity.

A graph is a collection of points and lines connecting a subset of them. The points
and lines of a graph also called vertices and edges of the graph, respectively. If e is an
edge of G, connecting the vertices u and v, then we write e = uv and say "u and v are
adjacent". A connected graph is a graph such that there is a path between all pairs of
vertices.

Let 2. be the class of finite graphs. A topological index is a function Top from 2. into
real numbers with this property that Top(G) = Top(H), if G and H are isomorphic.
Obviously, the number of vertices and the number of edges are topological index. The
Wiener [1] index is the first reported distance based topological index and is defined as
half sum of the distances between all the pairs of vertices in a molecular graph. If
x,y €V(G) then the distance d,(x,y)between x and y is defined as the length of any

shortest path in G connecting x and y.
A class of geometric-arithmetic topological indices [2] may be defined as

2
GAgeneraI = Z:uveE QUQV
Q,+0,

associated with the vertex u of the graph G. The first member of this class was
considered by Vukicevic and Furtula [3], by setting Q. to be the

GA(G) = ZuveEM

dg(u)+dg(v) ’

, Where Qy is some quantity that in a unique manner can be

in which degree of vertex u denoted by d.(u). The second member of this class was

considered by Fath-Tabar et al [4] by setting Q. to be the number ny of vertices of G
lying closer to the vertex u than to the vertex v for the edge uv of the graph G:

GA(G) =3, , 2

uveE
u v

The third member of this class was considered by Bo Zhou et al[5] by setting Q. to
be the number m, of edges of G lying closer to the vertex u than to the vertex v for the

edge uv of the graph G:
2 ymm
GA, Q)= —.

uveE

m,+m,
The fourth member of this class was considered by Ghorbani et al.[6] by setting Qu
to be the number ¢, the eccentricity of vertex u:

2\/e(u)e(v)
GA4 (G) = ZUVEE— .
g(u)+¢(v)
Here, we define the fourth member of this class as follows:
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GAS (@)= ZuVEEM ,
Sg(u)+84(v)
in which 6, (u) = ZweE(G)dG (v).
The Zagreb indices have been introduced more than thirty years ago by Gutman and
Trinajsti¢ [7]. They are defined as:

M,(G)= Y (deg,(v))" and M,(G)= Y deg,(u)deg,(v).

velV(G) uveE(G)
Now we define a new version of Zagreb indices as follows:

M;(G): z 56(“)"'56(‘/) and M‘z(G)= Z 56(”)56(‘/)-

uveE (G) uveE(G)
Here our notations are standard and mainly taken from [8 - 13].

2. MAIN RESULTS AND DISCUSSION

The goal of this section is the study of GAs index. Furthermore we compute some
bounds for this new topological index.

Example 1. Let K, be the complete graph on n vertices. Then for every veV(K,) and
deg.(v)=n-1 and so 8,(v)=(n—1)’. This implies that GA,(K,)=n(n—1)/2.

Example 2. Let C, denote the cycle of length n. Then d.(v)=2 and §,(v)=4. Hence,
GA,(C )=n.

Example 3. Let P, be a path of length n. Then one can see that

4[ 43

GA;(P,)=—— —( -3).

Example 4. Let S be a star graph with n + 1 vertices. Then GA,(S,)=n(n-1)/2.
Lemma 5. The first Zagreb index satisfies in the following equation:

MG)= Y 3,().
veV(G)
Proof. By using definition one can see that:
>, 8= Y Y deg(v)= Y (deg,(v)) =M,(G).
veV (G) ueV(G)veN;(u) velV (G)
2,/8,(u)d,(v)

<1. So, we can
Og(u)+04(v)

By using definition of GAs index we can prove, 0 <
conclude two following theorems:
Theorem 6. Let G be a non empty connected graph on n = 3 vertices. Then

GA,(G) <M, +2M,?
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Proof. For every edge e = uv in E(G), d5(U)+0,(V) 22 and so we have:

(GA(G) <D, 0B (V) + 2y 33 (V) 18, (u)8,(v)

= (GA(G))* <M, +2M,} = GA,(G)</M, +2M.>.
Theorem 7. Let T be a chemical tree with n > 2 vertices. Then GA,(T)<256(n-1).
Proof. For every vertex ueV(T), deg(u) < 4 and so, §,(u) <4* =256. On the other
hand, ,(u)+9d,(v)=2 and this completes the proof.

Theorem 8. Let A be the maximum degree of graph G. Then
%GA(G) <GA(G)<AGA(G).

Proof. For every vertex u in V(G) it is easy to see that du<d_(u)<Adu.

An automorphism of the graph G = (V, E) is a bijection 6 on V which preserves the
edge set E, i. e, if e = uv is an edge, then c(e)=c(u)c(V) is an edge of E. Here the image
of vertex u is denoted by o(u). The set of all automorphisms of G under the
composition of mappings forms a group which is denoted by Aut(G). Aut(G) acts
transitively on V if for any vertices u and v in V there is a € Aut(G) such that a(u)=Vv.
Similarly G = (V, E) is called edge-transitive graph if for any two edges e1 = uv and ez = xy
in E there is an element f € Aut(G) such that B(e)=¢e, where B(e)=BU)P(v). Let G =

(V, E) be a graph. If Aut(G) acts edge-transitively on V, then we have the following
Lemma:

Lemma 9. GA,(G)=|E | %

Example 10. Let S, be the star graph with n + 1 vertices. It is easy to see that S, is edge-
transitive. So we have:

, for every e=uv e E(G).

GA,(S,)=nx1=n.
Lemma 11. Let G = (V, E) be a graph. If Aut(G) on E has orbits Ej, 1 <i < s, where e;=u;v;

is an edge of G. then:
s ()3 (v,
GA(G)=23| E, |M
i1 O,(u)+6,(v,)

In this section we compute the truncated GAs index of the chain graphs. Then we
use this method to compute the GAs index for an infinite class of nanostar dendrimers.

3. APPLICATIONS

In this section we compute GAs index of a class of nanostar dendrimer. To do this at
first we introduce the concept of truncated GAs index. Let U = {u,,u,,...,u,} be a subset
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of V(G). We now define a new version of the GAs index and name it the truncated GAs

index GA!"’ as
GAgul,u2 ..... uk)(G) _ z 24 / 56 (u)56 (V)
uveEg(G) 5(; (Ll) + 5{; (V)
u,véUNG[u,]

i=1

GAgU) (G)= Z 2,/6,(u)5,(v) .
uveEgG) 5(; (u) + 56 (V)
”'V$UNG[”,']

Where N [u]=N, (u)u{u}.
It should be noticed that in the case U = @ then, GA (G) GA,(G). Let G, (1 <i<n)be

some graphs and v,eV(G,). A chain graph denoted by G=G(G,,..G,,v,,..v,) is
obtained from the union of the graphs G, (1 <i < n) by adding the edges vivi+1 (1 <i<n-

1), see Fig. 1. Then |V(G)|—Z|V(G)| and |E(G)|=(n- 1)+Z|E(G )IF

BIIE)

Fig. 1. The chain graph G =G(G,,. .

It is worth noting that the above specified class of chain graphs embraces, as
special cases, all trees (among which are the molecular graphs of alkanes) and all
unicyclic graphs (among which are the molecular graphs of monocycloalkanes). Also
the molecular graphs of many polymers and dendrimers are chain graphs.

90UBI0SoURN |ednewayle Jo jeuinor

Lemma 12. Suppose that ¢ =6(G,,G,,...G,,v,,V,,..,v,) is a chain graph. Then:
(i) ¢=a(6,.G6,,..G,,v,v,,.,v,) is connected if and only if G, (1<i<n) are
connected.

d; (a) acV(G)and a#v,
(i) dy(@)={d,(@)+]  a=v, i=Ln
d (a)+2 a=v, 2<i<n-1

(iii) if ue V(G,) and v, € N, [u] then &;(u) =4, (u).
37
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Theorem 13. If n>2 and v,,..v, #u,,.,u,, then for ¢=06(G,,G,,..G
holds:

Uy, 2 Uy oyl ,V; < uVEE(Gi) 2 5 (u)§ (V) = 2 5 (Vi— )5 (Vi)
GAg 1 rk)(G):ZGAg e k'l)(Gi)+ Z z V&6 G T Z VY% 1J%

V,,Vy,e,V,) it

n’

-1 i=1 ueNg [v;], Os(u)+0,(v) i O (V,-_l )+ O (Vi) .

k
u,VéUNg [y;]
i=1

Proof. By using the definition of the truncated GA5 index one can see that
(uy sty oty ) _ 2 56 (u)5c (V) _ 2 56 (“)56 (V)
el (o) B S e

uveE(G) S (U)+6;(v)  were) . o;(u)+9,(v)
uvel JNglu] uvel Ve v JUUNe )]
il e ~

+ Zn: Z M + "Z_l 2\64(vi1)6,(v;)

i=1 uveE(G;) 5{; (u) + 5(; (V) i=1 5(; (viq ) + 5(; (VI. )

ueNg [v;]

k
U;V$UNG [y;]
i=l

_ Z 2\[56,. (u)éai (v) . Z": Z 2,/0,(u)o,(v)
uveE(6) . 56, (u)+ 5(;, v) = wreE (G o,(u)+5,(v)
u,véUNG[vi]UUNG[uI] ueNg [v;]

il = M,VéLkJNg[U,]
+ HEI: 24 AURA - iGA(""“"""'V’)(G.) + i Z 24 8 (U)o, (v)
= 5.(v. )+6,(v) G ° TS wer(G) O (u)+4(v)
u,véLkJNG[ui]

.\ it 246, (v )0, (v,)
i=1 5g(vi71)+5g(vi)
Corollary 14. The truncated GAs index of the chain graph G=6G(G,,G,,v,,v,)

(v, v, #u,,..,U,) is:

Gl uk)(G)ziG A (G ) + i ¥ 2,5,W)s,(v) . 28,(v,)5,(v,)

= i S WS V) S, (v)+(vy)

ueNg [v;]

k
u,vr{UNG[ui]
i=1

We use from this corollary in the next section.

Example 15. Consider the graph G, shown in Fig. 2. It is easy to see that

GAS(GIJ:E+¥+¥+6,
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\/§+4

GA?/])(GJ = GA§V2)(61) = GA?/})(GJ = GAgm(Gl) = \/g " % i %
and so,
GAY™(G)=GAY"(G,) =35 +¥ + % +2,

for 1<i,j<3,i#].
Y]

w2 W3
Fig. 2 The graph of nanostar G, for n=1.

Consider now the chain graph G, =G(G »v,u;), shown in Fig. 2 (for n=1) and

n— 1'
Fig. 3, respectively. It is easy to see that H, =G, (1 <i<n-1)and
G, =G(G, ,H,v,,u,)

1_G(Gn72'H2'V2'u2)

G, . =G v,

n-i-1’ 1+1' i+1” 1+1)

G,=G(G, Hn—l WUy
Then by using corollary 3, we have the following relations:

r
\/—

GA(G)=GA™ (G, ) +GAM (H )+

A(Vl)(Gn 1) GA(Vz)(Gn 2)+GA(V1 Mz)(H )+ 2

22U8sIdSoURN [ed1ewWaYIeA JO [eudnor

2«/_

GAY(G, )=GAY (G, ) +GAY")(H, )+——+5

n—i—1 i+1

r

GAgv"fz)(Gz) — GAgV"’l)(Gl )+ GAganz»Unfl)(Hn 1) —+5.

Summation of these relations yields

39
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2435

GA,(G,)=GA"(G,)+GAM" (H, )+ZGA(“ “I(H,)+(n —1)(— 5),
i=2
and so by using Example 1, it is easy to obtain

2435

GA,(G,)=2GAM(G,)+(n—2)GAY"(G,)+(n —1)(— 5)

:(Sx/_+9«/_+8«/_+7]n 2435 1645
9

_23 Vs
308

9
In other words we arrived at the following:

Theorem 16. Consider the chain graph G, =G(G
Then,

H,,v,,u,) (n>2), shown in Fig. 3.

n-1°

_235 1S
9 9

Corollary 17. Consider the nanostar dendrimer D, shown in Fig. 4. Then,

GAS(GH):(SX/?’g + 9;{7 + 8\/5 +7] 2\/_ 16\/_

LRI A CNNY

3 9

5J§+9ﬁ+8£+7] 235 1645
3 8

9

where n is the number of repetition of the fragment G,.

Fig. 3. The chain graph G, and the labeling of its vertices.
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Fig. 4: The graph of the nanostar dendrimer D.
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