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On the spectrum of Cayley graphs via character table
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ABSTRACT. A Cayley graph can be consider as an interpretation of group representation.
This means that one can construct the Cayley graph I' = Cay(G, S) by having the vertex set

to be the elements of G with g~h if and only if hg™leS. In this paper, we focus our

attention on Cayley graphs with a normal symmetric subset. We also determine all
eigenvalues of Buckminster fullerene by constructing Cay(G,S) where G is the alternating
group As.
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1. INTRODUCTION

An important connection between graph eigenvalues and other branches of
mathematics is spectral graph theory. The concepts and methods of spectral graph
theory and group theory, bring useful tools to the study of spectrum of Cayley graph.
The aim of this paper is to study eigenvalues of Cayley graphs via their character
tables. We also apply our method to compute the eigenvalues of fullerenes. Fullerenes
are 3-connected cubic graphs composed of 12 pentagons and n = 0,2,3,4, ... hexagons.
The investigation of the mathematical properties of fullerenes are done by
mathematicians, see [5,7,8,11,12, 16-19]. This paper is the first attempt to compute
the eigenvalues of fullerene graphs by means of representation theory.
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2. DEFINITIONS AND PRELIMINARIES

In this section, we introduce some definitions which will be kept throughout the
paper. A simple graph I' = (V, E) is a graph with vertex and edge sets V and E,
respectively without loops and multiple edges. When two vertices u and v are
endpoints of an edge, we say that they are adjacent and write u~v to indicate this. The
adjacency matrix A is an n x n matrix where n = |V| with rows and columns indexed by
the elements of the vertex set and the xy-th entry is the number of edges connecting x
and y. The characteristic polynomial Pr(x) of graph I' with adjacency matrix 4 is
defined as
Pr(x) = det(xI-A).

One can prove that Pr(x) is a monic polynomial of degree n. The roots of the
characteristic polynomial are the eigenvalues of I' and form the spectrum of I'. The
Cayley-Hamilton theorem says that any linear operator is a zero of its characteristic
polynomial.

Theorem 1(Cayley-Hamilton). Let P4(x) be the characteristic polynomial of A. Then
P4(A) = 0.

Since our graphs are undirected, the adjacency matrix A is symmetric.
Consequently, all eigenvalues are real. If I" is a graph on n vertices and A4, A, ..., Ay are
the eigenvalues of its adjacency matrix, then the energy and the Estrada index of I" are
defined as [9,10]:

E(r)=Y|A | and EE(: )= A.
i=1 i=1
Let now G is a finite group and § is a generating symmetric subset of G (e.g., S
= § and G=<S§>) where 1_.¢ 5. The Cayley graph I'=Cay(G,S) is a connected regular

graph whose vertex set is the elements of G and two vertices g,he S are adjacent if
and only if hg™ € S.

3. MAIN RESULTS AND DISCUSSIONS

The aim of this section is to compute the spectrum of Cayley graphs on finite groups
via their character tables. First of all, we recall the concept of character table. For

some vector space V, let GL(V) = {AeEnd(V) | A is invertible}. A representation of

group G is a homomorphism p:G = GL(V). The dimension of V is called the degree of p.
A simple example of a representation is the trivial representation p: G = C* given by
p(g) =1, for all g in G. Let ¢: G — GL(V) be a representation. The character y,: G = C
afforded by ¢ is x4(g) = tr(¢g)- An irreducible character is a character associated with
an irreducible representation. The character p is called linear if (1) = 1. By a classic
theorem in representation theory, the number of linear characters of finite group G is
|G/G'| where G' denotes the derivative subgroup of G. A character table is a matrix
whose rows of it correspond to the irreducible characters whereas the columns
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correspond to the conjugacy classes of G. If G is abelian, the eigenvalues of a Cayley
graph can easily be determined as follows.

Theorem 2 [6]. Let G be a finite abelian group and S be a symmetric subset of G of size
k. Then the eigenvalues of the adjacency matrix of Cay(G,S) are given by

A zzses X - (1)

as y ranges over all irreducible characters of G.
By using Theorem 2, one can easily see that for the cyclic group G = <x> by

choosing S={x,x1}, S is symmetric subset of Gand ' =Cay ¢ S ,=C). This implies that
spec(Cay(< x >{xx1})=spec(Cn),

where C, denotes a cycle graph on n vertices. Let p; (1< i <n) be prime numbers and

a, ell . According to the fundamental abelian theorem, every abelian group G can be

presented as follows:
G;Zpale XX Z o, (2)

Pt P
where Z, denotes a cyclic group of order n.

For given graphs I'' and I their Cartesian product 10l is defined as the
graph on the vertex set V(I'1)xV(I'2) with vertices u = (u1, uz2) and v = (v1, v2) connected
by an edge if and only if either u1 = v1 and uzv: is an edge of E(I2) or uz = vz and uyv1 in
E(I).

Proposition 1[1]. Let I'1 = Cay(G,R) and Iz = Cay(H,T) be two Cayley graphs on groups
G and H, respectively. Then I'ol>=Cay(GxH,S) is a Cayley graph if and only if

S={(x,1),(1,y)|xeC yeH}=(RDULT).

Proposition 2[15]. Let x1, x2, ..., xym and ¥1, ¥, ..., ¥, be distinct irreducible characters
of G and H, respectively. Then the direct product group GxH has exactly mn irreducible
characters y; ¥; where 1<ism and 1sj<n.

By using Propositions 1,2 and Eq. 2, one can compute all eigenvalues of Cay(G,S)
where G is an abelian group. In the following example, we find the spectrum of abelian
group ZzxZz.

Example 1. The cyclic group Z2 has two conjugacy classes. Consequently, it has two
irreducible characters and so its character table is as reported in Table 1.

CT [12 2
p1 | 1 1
P2 1 -1

Table 1. The character table Z.
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Now by using Proposition 2, one can conclude that the group Z;xZ has 2x2=4
conjugacy classes and so four irreducible characters. Consider two distinct
presentation for Zz in which Z2={(),(12)} acts on set {1,2} and Z>={(),(34)} acts on set
{3,4}. Let [()], [(12)] and [()], [(34)] be their conjugacy classes, respectively. Then [(]],
[(12)], [(34)] and [(12)(34)] are conjugacy classes of Z:xZ;. It follows that the
character table of Z2xZ: is as reported in Table 2.

CT| 14 212 122 22

Table 2. The character table Z;xZ5.
It is clear that the character table of group Z:xZ: is the Tensor product of character
table of group Z; with itself, e.g.

CT(Z,xZ,)=CT(Z,)®CT(Z,)
1 1) (1 1
_|1 1|gl1 -1

In general, we have the following proposition.

Proposition 3[15]. Let G and H be two finite groups with character tables CT(G) and
CT(H), respectively. Then the character table of direct product group GxH is

CT(GxH)=CT(G)®CT (H).
In continuing, let G be an arbitrary finite group with a symmetric subset S where G =
<§>. We recall that S is normal subset if and only if $9=g-15g=S, for all ge('.

Theorem 3 [6]. Let G be a finite group with a normal symmetric subset S and A be the
adjacency matrix of the graph I’ =Cay(G,S). Then the eigenvalues of A are given by

/])( - ZSES X )$ (1)/
as y ranges over all irreducible characters of G. Moreover, the multiplicity of /1)( is
X(1)*. Note that in above theorem the A | 's are not distinct.
As an application of above theorem, consider the symmetric group Sym(n) on n
letters. Let5={(1',j)| ije{l,2,.,n},i<j }, then Sym(n)=<S> and for every

g € Sym(n, S9=S. This implies that S is a normal symmetric subset of Sym(n) and by
using Theorem 3, all eigenvalues of Cay(Sym(n),S) are as follows:

A= $ @2)/ (¥ (3)
4
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Since| .S |=n(n—1) /2, the Eq. 3 can be simplified as follows:
A= ) (k2)/2 (1))

Thus, we proved the following result:

Corollary 1. Consider the symmetric group Sym(n) on n letters with a normal
symmetric subset 5={(i,j)| je{l,2,.,n},i<j } Then an eigenvalue of

Cay(Sym(n),S) associated with irreducible character y is:
A= - (k2)/2 Q)

Example 2. Consider the symmetric group Sym(5) on five letters with a normal
symmetric subset $={(1,2), (1,3), (1,4), (1,5), (2,3), (2,4), (2,5), (3,4), (3,5), (4,5)}. The
character table of this group is reported in Table 3. Hence, by using Corollary 1, the
spectrum of Sym(5) is as follows:

[+£10]",[£5]",[+2],[0T*.

The problem of characterizing integral graphs seems to be very difficult and so it is
wise to restrict ourselves to certain conditions. Here we are interested to study the
symmetric group Sym(n).

CT| 15 213 221 312 32 41 5

al 11 1 1 1 1 1
el 1 1 1 1 1 1 1

ol 4 2 o 1 -1 o -1
wl 4 2 o 1 1 o0 -1
sl 5 1 1 1 1 1 0
x|l 5 1 1 1 1 -1 0
| 6 0o 2 0o o o0 1

Table 3. The character table of Sym(5).

Theorem 4[15]. Let g be an element of order n in G. Suppose that g is conjugate to g
for all i with 1<i<n and (i,n)=1. Then x(g) is an integer for all characters y of G.

5
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Corollary 2. The Cayley graph Cay(Sym(n),S) is an integral graph.

Proof. Let g€ Sym(n) and (i,0(g))=1, then the permutations g and g’ have the same

cycle type, and hence are conjugate. According to Theorem 4, y(g) is an integer for all
characters y of G. Since a rational algebraic integer must be integer, the proof is
completed.

4. ENERGY AND ESTRADA OF CAYLEY GRAPHS

The aim of this section is to propose some new results on the energy and Estrada
index of Cayley graphs. In [19,20] the authors computed the spectrum of unitary
Cayley graphs. Our method for computing the eigenvalues is completely different with
their methods. In continuing this paper, the following theorem is crucial.

Theorem 5. Let G and H be two finite groups with normal symmetric subset T1 and T>,
respectively. Let It =Cay(G,T1) and I'> =Cay(H, T2) and §=(7;,1)U(1,7,). Then the

eigenvalues of [0 I :Cay(G x H S) are given by /]X+ /; with multiplicity

X*(1) @1) as x,  range over all irreducible characters of G and H, respectively.

Proof. Let I'' and I> be two graphs with eigenvalues A1, .., A, and p1, ... Um,
respectively. It is well known fact that A; + yj (1< i < n, 1< j < m) are eigenvalues

of L[} I. Hence, by using Theorem 3, the proof is completed.

Corollary 3. Let S be as defined in Theorem 5 and Irr(G) denotes the set of irreducible
characters of G, then

E(Cay(GxH,S)|Irr(H) | E(G)+| Irr(G) | E(H),
FE(Cay(GxH,S))=EE(G)EE(H).

Proof.

E(Cay(GXH'S)):Z,Ye/(rJ, & @)J?‘)wlﬁz e () « (r)l' é};i_w /‘@r H

Szxe/(rb, & @)Jﬂ)fl-i/—_ll A¢|:Z e ()« (/)l' G/@-('/;Zre ) e ( )l /\/l’/f
=|Irr(H)| E(G)+ | Irr(G) | E(H),
A

EE(Cay(GxH,5))=) phre= e Y= FE(G)EE(H).

xXelC) & @) rr Hidyel @y & @) rr H

In continuing of this section, we determine the energy and Estrada index of
fullerene Cso by a new method via the concept of Cayley graph. Let As be the
alternating group on five symbols. First, we compute the cubic Cayley graph of
icosahedral group I = As. One can prove that the generators of this group are a =
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(1,2,3,4,5) and b = (2,3)(4,5). By using definition of a Cayley graph, it is easy to see that
two elements x,ye| = Cd )y, J are adjacent if and only if y'xe S This means

that I" is a cubic graph. Let S = {a,a’1,b}, then the Cayley graph I' = Cay(4s,S) is as
depicted in Figure 1.

This Cayley graph is isomorphic with the graph of most stable fullerene namely
buckyball fullerene [16,17]. It is well-known fact that among fullerenes just buckyball
Ceo and dodecahedron are Cayley graphs. Further, Ceo is the only vertex-transitive IPR
(none of its pentagons make contact with each other) fullerene graph. Recently, the
study of graph spectra of such molecules are considered by mathematicians, see for
details [2,5,7]. By a direct computation, the spectrum of fullerene Ceso is determined as
follows:

31,2.73,2.35,1.83, 1. 64,19, 0.65,-0.13, -0.44, -1.34, -1.43, -1.6°, - 24, -2.574, - 2.63.
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Figure 1. Cayley graph I' = Cay(4s,S) where S = {(1,2,3,4,5), (1,5,4,3,2), (2,3)(4,5)}

This implies that the energy and Estrada index of Ceso are approximately 93.16 and
197.45 respectively. Computing the spectrum of a Cayley graph by this method is very
difficult. We can apply Theorem 3, to compute the eigenvalues of a Cayley graph. In
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other words, for computing the eigenvalues of Cayley graphs by this method, we need
the character table of associated group. Hence, in continuing of this section, we
compute the eigenvalues of Cayley graphs on groups I = As and I, = Z>xA4s, respectively.
At first consider the alternating group A4s. The conjugacy classes of this group are:

0% (1,2)(3,4)4, (1,2,3)5, (1,2,3,4,5)¢, (1,2,3,5,4)6.
LetS=(1,2,3,4,5)¢ U (2,3)(4,5)¢. Itis easy to check that |(1,2,34,5)¢]| = 12, |(2,3)(4,5)¢]
= 15 and so |S| = 27. By using Theorem 3, it follows that for each character of I, we
have:

1 :
/Lﬁm(/a [ xOa) #/ (a

Since |a%| = |(a1)¢| =12 and |b%| = 15, then

1
AX:E(24X1(53)+

The character table of 4s is as follows:

cT 1 b C a al
x1 1 1 1 1 1

x> 3 -1 0 A *A
3 3 -1 0 *4A A

2 4 0 1 -1 -1
s 5 1 -1 0

Table 4. Character table of group A4s.

where ¢=(1,2,3), A=—e”"*—e 9"2(1-/5)/2 and *A=—e"*"—e I"E(115)/2.
The second and fourth columns of Table 4 are corresponded to b and a are [1,4,*A4,-
1,0] and [1,-1,-1,0,1], respectively. This implies that the spectrum of Cay(4s,S) is as

follows:
4J5-1 -6 4J5-1 3 39J

spe¢ car). ( 9 186 9 25 1

Thus, the energy and Estrada index of Cay(4s,S) are approximately 371 and
0.87x1017.

Consider now group In = Z2xA4s, one can prove easily that the generators of this
group are {(1,2,3,4,5),(3,4,5),(6,7)}. By using GAP software [20] we deduce that I, has
ten conjugacy classes as follows:
1=0¢92=(67)93=(3,4,5)% g4 = (3,4,5)(6,7), g5 = (2,3)(4,5)% g6 = (2,3)(4,5)(6,7)",
g7 = (1,2,3,4,5)¢ gs = (1,2,3,4,5)(6,7)¢, go = (1,2,3,5,4)¢ and g10 = (1,2,3,5,4)(6,7)¢. Let a
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=(1,5,3) and b = (2,3)(4,5)(6,7). It is easy to see that T = {a,a1,b} is a generating set of
In and so S = {a%bC} is a normal symmetric subset in which I = <S>. By using Theorem
3, it follows that for each character of I, the related eigenvalue is:

1, :
/Lﬁm(/a [ xOa) #/ (a

Since |a%|= 20 and |b¢| = 15, then

1
AX:E(40X2(08)+

Further, the character table of I is as follows:

CT| 1 g2 g3 g+« 9gs ge g7 gs g9 Jio

nl 111 1 11 1 1 1 1
/1 -1 1 -1 1-1 1 -1 1 -1
3/ 3 3 0 0 -1 -1 A A *A *A
x| 3 3 0 0 -1 -1 *A *A A A
xs| 3 3 0 0 -1 1 A -A *A -*A
6| 3 3 0 0 -1 1 *A *A A -A
X7

4

x| 4 4 1 -1 0
5
5
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X9

X10

Table 5. Character table of group Z2xA4s,

where A=—e?" "~ ¢ 9"£(1-\/5)/2 and *4=—-e""*—¢ 97 £(1+/5)/2. The third
and sixth columns of Table 5 correspond to a and b are [1,1,0,0,0,0,1,1,-1,-1] and [1,-
1,-1,-1,1,1,0,0,1,-1], respectively. This implies that the spectrum of Cay(I5,S) is
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-11 -5 5 10 25 55

spec(1)=| 25 43 18 32 1 1

Hence, for I' = Cay(I, S), we have E(4 )=980 and EE({ )=0.77 x 10*.
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